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SLENDER BODY TREATMENT OF SOME SPECIALIZED PROBLEMS ASSOCIATED 

WITH ELLIPTIC-CROSS-SECTION MISSILE CONFIGURATIONS 

Raymond L .  Barger 
Langley Research C e n t e r  

SUMMARY 

S l e n d e r  body methods have been a p p l i e d  t o  some s p e c i a l i z e d  problems 
a s s o c i a t e d  w i t h  missile c o n f i g u r a t i o n s  w i t h  e l l i p t i c  c r o s s  s e c t i o n s .  Expres- 
s i o n s  are d e r i v e d  f o r  computing t h e  v e l o c i t y  d i s t r i b u t i o n  on t h e  nose s e c t i o n  
when t h e  e l l i p s e  e c c e n t r i c i t y  is v a r y i n g  l o n g i t u d i n a l l y  on t h e  missile. The 
c ros s - f low v e l o c i t y  on a t r i f o r m  f i n  s e c t i o n  is  a l s o  s t u d i e d .  

I N T R O D U C T I O N  

I n  r e c e n t  y e a r s ,  i n t e r e s t  has  grown i n  missi les  wi th  b o d i e s  having e l l i p -  
t i c  c r o s s  s e c t i o n s .  One r eason  f o r  t h i s  i n c r e a s e d  i n t e r e s t  is  t h e  p o s s i b i l i t y  
of  an ae rodynamica l ly  e f f i c i e n t  mounting o f  such a l o w - p r o f i l e  missile on 
t h e  p a r e n t  a i r p l a n e .  Another advan tage  o f  such missi les  over  c o n v e n t i o n a l  
c i r c u l a r - c r o s s - s e c t i o n  c o n f i g u r a t i o n s  is  t h e  i n c r e a s e  i n  d i r e c t i o n a l  s t a b i l i t y  
t h a t  o c c u r s  w i t h  i n c r e a s i n g  e l l i p s e  e c c e n t r i c i t y  ( r e f .  1 ) .  

A pr imary t o o l  f o r  missile a n a l y s i s  is  s l e n d e r  body t h e o r y  ( r e f .  2 ) .  One 
o f  t h e  advan tages  of  t h i s  t h e o r y  i s  t h a t  i t  p e r m i t s  t h e  nose and f i n n e d  sec- 
t i o n s  of  t h e  c o n f i g u r a t i o n  t o  be t r e a t e d  s e p a r a t e l y .  T h u s  a miss i le  w i t h  h o r i -  
z o n t a l  f i n s ,  c o n s t a n t - e c c e n t r i c i t y  e l l i p t i c  c r o s s  s e c t i o n s  i n  t h e  nose s e c t i o n ,  
and an e l l i p t i c  c y l i n d e r  body i n  t h e  f i n n e d  s e c t i o n  cou ld  be ana lyzed  by com- 
b i n i n g  t h e  r e s u l t s  of r e f e r e n c e  2 ( sec .  4 .31 ,  3 ,  o r  4 for t h e  nose s e c t i o n  w i t h  
t h o s e  o f  r e f e r e n c e  5 f o r  t h e  f i n n e d  s e c t i o n .  

T h i s  r e p o r t  p r e s e n t s  some f u r t h e r  r e s u l t s  f o r  missiles w i t h  e l l i p t i c -  
c r o s s - s e c t i o n  b o d i e s .  F i r s t ,  v e l o c i t y  e x p r e s s i o n s  are o b t a i n e d  f o r  t h e  nose 
s e c t i o n  w i t h  e l l i p s e  e c c e n t r i c i t y  v a r y i n g  l o n g i t u d i n a l l y  a l o n g  t h e  missi le  
( f i g .  1 ) .  T h i s  r e s u l t  is impor t an t  because t h e  s h a p e  o f  t h e  equipment t h a t  
must be c a r r i e d  i n  t h e  nose s e c t i o n  c l o s e l y  c o n t r o l s  t h e  c r o s s - s e c t i o n  shape  
and,  c o n s e q u e n t l y ,  t h e  p e r m i s s i b l e  e c c e n t r i c i t y .  The a n a l y s i s  is based on a 
r e s u l t  d e r i v e d  i n  r e f e r e n c e  4 .  

Second, e x p r e s s i o n s  are o b t a i n e d  f o r  t h e  c r o s s - f l o w  v e l o c i t i e s  i n  t h e  
f i n n e d  s e c t i o n  f o r  a t r i f o r m  c o n f i g u r a t i o n .  T h i s  a n a l y s i s  u t i l i z e s ,  f i rs t ,  
a conformal t r a n s f o r m a t i o n  o f  t h e  e l l i p s e  t o  a c i r c l e ,  and t h e n  a se r ies  of  
t r a n s f o r m a t i o n s  t h a t  has  been p r e v i o u s l y  used by Bryson ( ref .  6 ) .  

The p r e s e n t  work r e p r e s e n t s  a supplement  t o  t h e  a l r e a d y  s u b s t a n t i a l  body 
o f  s l e n d e r  body r e s u l t s  a p p l i c a b l e  t o  missi le  c o n f i g u r a t i o n s .  The use  o f  t h e  
e x p r e s s i o n s  o b t a i n e d  h e r e i n ,  t o g e t h e r  w i t h  t h o s e  a l r e a d y  a v a i l a b l e ,  p e r m i t s  t h e  



a n a l y s i s  o f  c e r t a i n  c o n f i g u r a t i o n s  n o t  treated i n  p r e v i o u s  work. A s e p a r a t e  
computer program has n o t  been w r i t t e n  f o r  t h e  c a l c u l a t i o n  of these e x p r e s s i o n s .  
Rather, t h e y  are t o  be i n c o r p o r a t e d  i n t o  a l r e a d y  e x i s t i n g  s l e n d e r  body programs 
t o  pe rmi t  a p p l i c a t i o n  of t h o s e  programs t o  a la rger  c lass  o f  missiles.  

SYMBOLS 

A e l l i p s e  semimajor a x i s  

B e l l i p s e  semiminor a x i s  

d e f i n e d  by e q u a t i o n  ( 9 )  

= Jz-3 
b0 

C 

D 

II 

see e q u a t i o n  (35)  

see e q u a t i o n  ( 3 9 )  

y - c o o r d i n a t e  o f  h o r i z o n t a l  f i n  t i p  d 

see e q u a t i o n  ( 3 4 )  d 

F complex f o r c e  

l i f t  f o r c e  L 

M free-stream Mach number 

free-stream dynamic p r e s s u r e  

c r o s s - s e c t i o n a l  area o f  missile body 

c o o r d i n a t e  d i r e c t e d  a l o n g  mis s i l e  a x i s  S 

- 
S c o o r d i n a t e  i n  d i r e c t i o n  of  u n d i s t u r b e d  f ree  stream 

see e q u a t i o n  (37 )  T 

z -coord ina te  o f  v e r t i c a l  f i n  t i p  t 

see e q u a t i o n  (36)  

p e r t u r b a t i o n  v e l o c i t y  components i n  s-, y-, and z - d i r e c t i o n ,  
r e s p e c t i v e l y  

W 

X 

complex v e l o c i t y  p o t e n t i a l  

complex v a r i a b l e  i n  p l a n e  p e r p e n d i c u l a r  t o  missile a x i s ,  y + i z  
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complex c o o r d i n a t e  o f  c r o s s - s e c t i o n  c e n t e r  o f  area f o r  f o r c e  
c a l c u l a t i o n ,  - i a S  

XI 1x2 9x3 ,x4 complex v a r i a b l e s  i n  s u c c e s s i v e  t r a n s f o r m  p l a n e s  

Y , =  r ea l  v a r i a b l e s  i n  missile c r o s s  p l a n e  

a a n g l e  o f  a t tack 

B = \lM2 - 1 

6, s i d e s l i p  a n g l e  

6 see e q u a t i o n  (33)  

!I, c e l l i p t i c  c o o r d i n a t e s  ( e q .  ( l a ) )  

!lo v a l u e  o f  r l  r e p r e s e n t i n g  missile s e c t i o n  c o n t o u r  

S C  d e f i n e d  by e q u a t i o n  ( 2 7 )  

P d e f i n e d  by e q u a t i o n  ( 2 )  

cp v e l o c i t y  p o t e n t i a l ,  r ea l  p a r t  o f  W 

S u b s c r i p t s :  

h a s s o c i a t e d  w i t h  s ide  f low 

t a s s o c i a t e d  w i t h  t h i c k n e s s  

a a s s o c i a t e d  w i t h  a n g l e  of a t t a c k  ( v e r t i c a l  component o f  f r e e  stream 
i n  c r o s s  p l a n e )  

ANALYSIS OF FLOW ON MISSILE NOSE SECTION WITH 

VARIABLE-ECCENTRICITY E L L I P T I C  CROSS SECTIONS 

I n  t h i s  s e c t i o n ,  e x p r e s s i o n s  are d e r i v e d  f o r  computing t h e  v e l o c i t y  com- 
ponen t s  due b o t h  t o  t h i c k n e s s  and t o  a n g l e  of a t t a c k  on a nose  s e c t i o n  hav ing  
e l l i p t i c  c r o s s  s e c t i o n s  t h a t  v a r y  i n  e c c e n t r i c i t y  l o n g i t u d i n a l l y  a l o n g  t h e  
missile a x i s .  
t h e  t o t a l  f o r c e  on t h e  nose  s e c t i o n  depends o n l y  on t h e  c r o s s - s e c t i o n  shape  a t  
t h e  b a s e  o f  t h e  nose  s e c t i o n .  

It is  a l s o  shown t h a t ,  w i t h i n  t h e  s l e n d e r  body approx ima t ion ,  

3 



I I  I I I1 I 1  Ill1 I 

Basic R e l a t i o n s  

The c o o r d i n a t e  sys tem is t aken  a l o n g  t h e  missile a x i s  (s-axis) and perpen-  
d i c u l a r  t o  it (x- and y-axes)  ( f i g .  2 ) .  The v e l o c i t y  d i s t r i b u t i o n  on t h e  m i s -  
s i l e  is more c o n v e n i e n t l y  o b t a i n e d  w i t h  t h e  use o f  e l l i p t i c  c o o r d i n a t e s  r l , <  
d e f i n e d  by t h e  t r a r i s fo rma t ion  (see ref .  7 ,  pp.  157-1591, 

o r  

y = c cosh  q s i n  < 
z = c s i n h  rl s i n  < 

From e q u a t i o n  ( l a ) ,  one o b t a i n s  t h e  r e l a t i o n ,  

Another u s e f u l  v a r i a b l e  is  d e f i n e d  by 

c en 
p = -  

2 

On t h e  s u r f a c e  q = 0 0 ,  

and p h a s  t h e  v a l u e  

ce no A + B  
P o = - = -  

2 2 

( I b )  

Thus t h e  e l l i p s e  rl = 770 maps i n t o  t h e  c i r c l e  p = pc). Then t h e  t r ans fo rma-  
t i o n  ( e q s .  ( I b ) )  can be w r i t t e n  i n  terms of  p and < as fo l lows :  

4 



The s u r f a c e  v a l u e s  o f  dp/ds  and d< /ds  w i l l  be needed i n  t h e  a n a l y s i s .  To 
o b t a i n  them, f irst  d i f f e r e n t i a t e  e q u a t i o n s  ( 5 )  w i t h  r e s p e c t  t o  s: 

dc 

d s  
s i n  5 - + (p - 4p) c o s  5 - = - s i n  5 - 

dZ; C (1 - 5) c o s  5 - (p + f) s i n  5 - = - - 
4 P2 d s  d s  2P 

dp C* d c  c t + f )  d s  d s  2p 

The c o e f f i c i e n t s  s i m p l i f y  c o n s i d e r a b l y  on the  mis s i l e  surface because o f  t h e  
r e l a t i o n s  

C2 2 B  

4p02 A + 

I - - = -  

C2 2A 
I + - =  

4p02 A 

P o + - -  - A  
 PO 

5 
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Making t h e s e  s u b s t i t u t i o n s  i n  e q u a t i o n s  ( 6 )  and s o l v i n g  f o r  t h e  d e r i v a t i v e s  
y i e l d s ,  on t h e  missile s u r f a c e ,  

s i n  < c o s  C d(A2 - B2) 
ds 2(A2 s i n 2  < + B2 cos2  <)  d s  

c 

dp 

ds 4(A2 s i n 2  < + B2 cos2 <)  d s  

A s i n 2  < - B cos2  < d(A2 - B2) - - -  

( 7 )  
F 

V e l o c i t y  Components on Nose S e c t i o n  Due t o  Th ickness  

According t o  s l e n d e r  body t h e o r y ,  t h e  ve l -oc i ty  components due t o  t h i c k n e s s  
can be determined s e p a r a t e l y  from t h o s e  due t o  a n g l e  o f  a t t a c k .  The scalar 
p o t e n t i a l  f u n c t i o n  r e p r e s e n t i n g  t h e  effect  o f  t h i c k n e s s  i s  d e r i v e d  i n  refer- 
ence  4 ( e q .  ( 2 3 ) )  t o  be  ( i n  t h e  n o t a t i o n  o f  t h i s  r e p o r t )  

where 

and u n i t  u n d i s t u r b e d  free-stream v e l o c i t y  is assumed. From e q u a t i o n  (21, 

C n + I n  - = I n  p 
2 

and on t h e  s u r f a c e  

6 
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Thus when t h e  e c c e n t r i c i t y  is c o n s t a n t ,  t h i s  q u a n t i t y  is  z e r o .  With t h e s e  
s u b s t i t u t i o n s ,  e q u a t i o n  (8 )  becomes 

1 d S ( s )  dQO 
@t(P,T) = - - I n  p + bo + po2 - e-2n cos 25 

27~ d s  d s  
(10 )  

Then the  a x i a l  p e r t u r b a t i o n  v e l o c i t y  u t  is determined on the s u r f a c e  by d i f -  
f e r e n t i a t i n g  e q u a t i o n  (IO): i 

d4 
U t  = - 

d s  

where from e q u a t i o n  ( 2 1 ,  

4, and from e q u a t i o n  ( 9 1 ,  

1 d3S (a 1 
I n  ( s  - o) - do 

ds2 da3  

7 

I 



A - B  
Combining terms and s u b s t i t u t i n g  e -2no - - y i e l d s  

A + B  

F 
dP0 drlo c2' d2110 

do + ( A  - B) COS 21; - - + - c o s  21; - 
d s  d s  4 d s2  21-r J o  

C2 dnO dTl - -  c o s  25 - - 
2 d s  d s  

C2 d n O  d< - - s i n  25 - - 
2 d s  d s  Tl=rlg 

(12 )  
rl=rl0 

where dTl/ds is  g i v e n  by e q u a t i o n  ( 1  1 )  w i t h  d p / d s  and d1;/ds computed from 
e q u a t i o n s  ( 7 ) .  

For t h e  s p e c i a l  case o f  c o n s t a n t  e l l i p s e  e c c e n t r i c i t y ,  t h e  las t  term i n  
e q u a t i o n  (8)  is z e r o .  Consequent ly ,  o n l y - t h e  first f o u r  terms o f  e q u a t i o n  (12 )  
are r e t a i n e d  f o r  t h i s  case which is t r e a t e d ,  f o r  example,  i n  r e f e r e n c e  3 .  

The c a l c u l a t i o n  o f  t h e  c ros s - f low v e l o c i t i e s  r e s u l t i n g  from t h e  t h i c k n e s s  
e f fec t  is  s i m p l i f i e d  somewhat by t h e  u s e  o f  t h e  complex p o t e n t i a l  W t .  A f o r -  
mula f o r  W t  
t h e  method o f  r e f e r e n c e  7 ( p .  1 2 6 ) .  The r e s u l t  is 

can be o b t a i n e d  from e q u a t i o n  (IO) f o r  t h e  scalar p o t e n t i a l  by 

Then v t  and w t  are determined by 

dWt dc 
v t  - i w t  = - - 

d6 dx 

Here 

c s i n h  5 c s i n h  T l  c o s  1; - i c  cosh  rl s i n  1; 
- =  - - -. . - - . . . (15 )  . -. 

1 
- - dc 1 

- = - -  
dx dx/d< c s i n h  5 sinh 5 c 2 ( s i n h 2  q + s i n 2  1; 

8 



where t h e  bar  i n d i c a t e s  complex c o n j u g a t e .  On t h e  ‘ s u r f a c e ,  e q u a t i o n s  (3)  
app ly .  By making t h e s e  s u b s t i t u t i o n s  and r e p l a c i n g  c2 by A2 - B2, one 
o b t a i n s  

B cos  < - i A  s i n  < 
~2 s i n 2  2; + ~2 cos2  2; 

The v e l o c i t y  i n  t h e  <-p lane  is 

On t h e  s u r f a c e  

Sub 

W t  - 
dx 

Thus,  

l t i t u t i n g  e q u a t i o n s  ( 1 6 )  and (17 )  i n  e q u a t i o n  ( 1 4 )  y i e l d s  

A s i n  2; d S ( s )  c2 dqO - - -  -(B s i n  21; c o s  < + A c o s  22; s i n  < )  

. .._ (19)  
2lT d s  2 d s  

Wtl17=r10 = ~2 s i n 2  < + ~2  COS^ 5 

For  t h e  s p e c i a l  case o f  c o n s t a n t  e l l i p s e  e c c e n t r i c i t y ,  on ly  t h e  first term 
i n  t h e  numerator  remalls f o r  bo th  components. 

9 



V e l o c i t y  Components on Nose S e c t i o n  Due t o  Angle o f  At t ack  

The p e r t u r b a t i o n  v e l o c i t y  p o t e n t i a l  f o r  t h e  c r o s s  f low due t o  a n g l e  o f  
a t t a c k  is  (see r e f .  7 ,  p .  1591, i n  t h e  n o t a t i o n  of t h i s  r e p o r t ,  

W, = -icx(A + B) s i n h  ( E  - no) (20 )  

The scalar p o t e n t i a l ,  which is t h e  real  p a r t  o f  W ,  is  

"1 P 

and its d e r i v a t i v e  w i t h  r e s p e c t i v e  t o  s is  

Thus,  

. dP0 

d s  

On t h e  s u r f a c e ,  

P = Po 

and d < / d s  and dp /ds  are o b t a i n e d  from e q u a t i o n s  ( 7 ) .  S u b s t i t u t i n g  t h e s e  
q u a n t i t i e s  i n t o  e q u a t i o n  (21)  and s i m p l i f y i n g  y i e l d s  

- .~ _ _  L 
% = -  

A2 s i n 2  e + B2 c o s 2  5 
( 2 2 )  

f 

10 



For a body whose c r o s s  s e c t i o n s  have t h e  same e c c e n t r i c i t y ,  

dB B dA 

d s  A d s  
- = - -  

and e q u a t i o n  (22 )  r e d u c e s  t o  

dA 
a A ( A  + B) s i n  5 - 

d s  

which is t h e  known r e s u l t  f o r  t h i s  case. (See re f .  2 ,  p .  78,  e q .  ( 4 - 4 3 1 . )  

The c ross - f low v e l o c i t y  components due t o  a n g l e  o f  a t t a c k  are  o b t a i n e d  
from t h e  r e l a t i o n  

dS 
- i a ( A  + B )  c o s h  (6 - q0)-  

dx 

E v a l u a t i n g  t h i s  e x p r e s s i o n  on t h e  s u r f a c e  w i t h  t h e  u s e  o f  e q u a t i o n  ( 1 5 )  y i e l d s  

- i a ( A  + B) p o s h  (q - qo)  cos  5 - i s i n h  (q - qo) s i n  g ( B  cos  - i A  s i n  e )  
va - 1wa = ~ 

~2 s i n 2  e + ~2 cos2 e 

-ici(A + B) cos 5 ( B  cos  5 - i A  s i n  5 )  

~2 s i n 2  5 + ~2 cos2 5 
va - iw, - -  I n=no 

Thus , 

(23 )  

11 



aB(A + B) c o s 2  5 

~2 s i n 2  5 + ~2 cos2  < 
Wa 

These,  o f  c o u r s e ,  are p e r t u r b a t i o n  v e l o c i t y  components. The t o t a l  v e r t i c a l  
v e l o c i t y  due t o  a n g l e  o f  a t t a c k  is 

T o t a l  Force on Nose S e c t i o n  

(24) 

- 
For a missile a t  a n g l e  of a t t a c k ,  t h e  complex f o r c e  from 0 t o  s is  g i v e n  

i n  r e f e r e n c e  2 ( e q .  (3-621, p .  50 )  and ,  i n  t h e  n o t a t i o n  o f  t h e  p r e s e n t  r e p o r t ,  
is 

where a1 is t h e  c o e f f i c i e n t  of x-l i n  t h e  Lauren t  expans ion  o f  W(x) and 
where t h e  c o o r d i n a t e s  are r e f e r r e d  t o  t h e  & a x i s  p a r a l l e l  t o  t h e  free-stream 
d i r e c t i o n .  Thus,  i n  e q u a t i o n s  (13) and (20) for t h e  complex t h i c k n e s s  and l i f t  
( a n g l e - o f - a t t a c k )  p o t e n t i a l s ,  x i s  r e p l a c e d  by x - xc,  where 

Then i n  t h e  e q u a t i o n  f o r  t h e  t o t a l  p o t e n t i a l ,  

w = w, + W t  

t h e  t h i c k n e s s  component is w r i t t e n  

where 

- J G y F -  1 
e-cc -[. - xc 

C 

12 



S i m i l a r l y ,  w i t h  the  a p p r o p r i a t e  s u b s t i t u t i o n s ;  e q u a t i o n  (20)  f o r  t h e  com- 
p l e x  p o t e n t i a l  due t o  l i f t  can be  w r i t t e n  

w, = - - xc + J (x  - x c ) 2  - c2  - ( A  + B’2[x - xc - d ( x  - xc)2  - cg} (28)  
2 C2 

The c o n t r i b u t i o n  o f  t h e  f irst  term o f  Wt ( eq .  ( 2 6 ) )  t o  a 1  i s  z e r o .  
xc d S ( s )  

  IT d s  
The c o n t r i b u t i o n  o f  t h e  second term is  known t o  b e  - - - . To f i n d  t h e  

c o n t r i b u t i o n  o f  t h e  t h i r d  term, which a c c o u n t s  f o r  t h e  v a r i a b l e  e c c e n t r i c i t y  

o f  t h e  c r o s s  s e c t i o n ,  one must expand e - 2 ‘ ~  as f o l l o w s :  

C2 
= o +  + .  . . 

4 ( x  - x c ) 2  

Thus there  can be no x-l term i n  t h e  Lauren t  expansion o f  e - 2 ‘ ~ .  Conse- 
q u e n t l y  t h e  c o n t r i b u t i o n  o f  t h e  l a s t  term i n  e q u a t i o n  ( 2 6 )  t o  a1 i s  z e r o ,  and 
the e f fec t  o f  t h e  v a r i a b l e  e c c e n t r i c i t y  on t h e  t o t a l  complex f o r c e  is z e r o .  

By a similar expans ion  o f  t h e  r i g h t  s i d e  o f  e q u a t i o n  (281,  t h e  c o n t r i b u -  
t i o n  o f  Wa t o  a1 is found t o  be 

i a A ( A  + B )  

2 a1,cl = 

Summing a l l  t h e  c o n t r i b u t i o n s  t o  a 1  and s u b s t i t u t i n g  i n  e q u a t i o n  ( 2 5 )  
y i e l d s  t h e  f o r c e ,  which i n  t h i s  case is  l i f t ,  

13 



~, , 

= -2.rrxc - + 2.iric.iA(A + B) + 2 ~ x ,  - + 2lTAB 
d s  d s  d s  

S u b s t i t u t i n g  dxc/ds  = -ia i n t o  t h i s  e x p r e s s i o n  y i e l d s  f o r  t h e  l i f t  

CROSS-FLOW VELOCITY I N  FINNED SECTION FOR TRIFORM CONFIGURATION 

If t h e  missile h a s  o n l y  a h o r i z o n t a l  se t  of  f i n s ,  t h e  v e l o c i t y  d i s t r i b u -  
t i o n  i n  t h e  r e g i o n  o f  t h e  f i n s  can be computed by t h e  method o f  r e f e r e n c e  5. 
If  t h e  missile a l s o  p o s s e s s e s  a ve r t i ca l  se t  o f  f i n s  of  e q u a l  l e n g t h ,  t h e  
v e r t . i c a 1  o n s e t  c r o s s  f low is  n o t  a f f e c t e d  by t h e  v e r t i c a l  f i n s  because o f  t h e  
symmetry o f  t h e  c o n f i g u r a t i o n .  S i m i l a r l y ,  t h e  s t r e a m l i n e s  i n  t h e  p r e s e n c e  o f  
a h o r i z o n t a l  o n s e t  f l ow are n o t  a f f e c t e d  by t h e  p r e s e n c e  o f  t h e  h o r i z o n t a l  
f i n s .  Consequent ly ,  t h e  effects  o f  t h i s  h o r i z o n t a l  component o f  t h e  o n s e t  f low 
can a l s o  be computed by t h e  method o f  r e f e r e n c e  5 by s w i t c h i n g  t h e  a p p r o p r i a t e  
v a r i a b l e s  i n  t h a t  s o l u t i o n ,  i n  a manner somewhat similar t o  t h a t  o f  r e f e r e n c e  8 
or  reference 2 ( p .  123) .  

A t h i r d  case o f  c o n s i d e r a b l e  i n t e r e s t  is a t r i f o r m  c o n f i g u r a t i o n  w i t h  a 
s i n g l e  v e r t i c a l  f i n .  For  v e r t i c a l  c r o s s  f low ( f i g .  31, t h e  p o t e n t i a l  is t h e  
same as i f  t h e  c o n f i g u r a t i o n  had on ly  h o r i z o n t a l  f i n s  because  o f  t h e  symmetry 
o f  t h e  f l o w .  For h o r i z o n t a l  c r o s s  f l o w ,  on t h e  o t h e r  hand,  t h e  f low is n o t  
symmetric.  For  t h i s  case t h e  p o t e n t i a l  f u n c t i o n  can be  found by f irst  mapping 
t h e  e l l i p t i c a l  c r o s s  s e c t i o n  i n t o  a c i r c l e  and s u b s e q u e n t l y  mapping t h e  r e s u l t -  
i n g  c i r c l e  t r i f i n  c o n f i g u r a t i o n  i n t o  a f l a t  p l a t e .  The l a t t e r  mapping can be 
accomplished by a ser ies  o f  t r a n s f o r m a t i o n s  used by Bryson ( r e f .  6 ) .  

The t r a n s f o r m a t i o n s  and t h e  co r re spond ing  c o n t o u r s  are o u t l i n e d  i n  f ig-  
u r e  4. The mapping 

maps t h e  e l l i p s e  i n t o  a c i r c l e .  I n  terms o f  e l l i p t i c  c o o r d i n a t e s  5 q + ic, 

C 
x2 = - e t  

2 
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The c i r c l e  is f l a t t e n e d  by t h e  t r a n s f o r m a t i o n ,  

where po is  d e f i n e d  by e q u a t i o n  ( 4 ) .  F i n a l l y  t h e  r e s u l t i n g  p e r p e n d i c u l a r  
segment is mapped i n t o  a s i n g l e  v e r t i c a l  segment by t h e  t r a n s f o r m a t i o n ,  

x4 = \/x32_d2 - i6 
where 

O2 
d = D + -  

D 

P O2 
Z = T - -  

T 

T = '(t 2 + \jn) 

( 3 2 )  

( 3 4 )  

(35)  

( 3 6 )  

5 

(37)  

The complex p o t e n t i a l  f u n c t i o n  f o r  t h e  h o r i z o n t a l  c r o s s  f low i n  t h e  x4-plane is 

w = B s J m  

where 

Then t h e  con juga te  of t h e  complex v e l o c i t y  is o b t a i n e d  by d i f f e r e n t i a t i n g  equa- 
t i o n  ( 3 8 )  by t h e  c h a i n  r u l e  and u s i n g  t h e  t r a n s f o r m a t i o n  e q u a t i o n s  ( 2 9 ) ,  (311, 
and ( 3 2 ) :  
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Consequent ly ,  

Resolving t h e  r i g h t  s i d e  o f  e q u a t i o n  ( 4 0 )  a n a l y t i c a l l y  i n t o  i t s  r e a l  and imagi- 
nary p a r t s  i s  a t e d i o u s  p rocedure  r e s u l t i n g  i n  r a t h e r  l e n g t h y  e x p r e s s i o n s .  
C a l c u l a t i o n  o f  t h e  complex v e l o c i t y  i s  c o n s i d e r a b l y  s i m p l i f i e d  by r e t a i n i n g  
t h e  complex v a r i a b l e s  i n  t h e  programming code f o r  t h e  c a l c u l a t i o n  o f  dW/dxl 
and then  t a k i n g  t h e  real  and imag ina ry  p a r t s  of t h e  c a l c u l a t e d  v a l u e  a t  each 
p o i n t .  

CONCLUDING REMARKS 

Some s p e c i a l  problems r e l a t i n g  t o  missiles w i t h  e l l i p t i c - c r o s s - s e c t i o n  
body shapes  have been t r e a t e d  by s l e n d e r  body methods. E x p r e s s i o n s  have been 
d e r i v e d  f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  nose s e c t i o n  when t h e  e l l i p s e  
e c c e n t r i c i t y  is v a r y i n g  l o n g i t u d i n a l l y  on t h e  missile. The c ross - f low v e l o c i t y  
on a t g i f o r m  f i n  s e c t i o n  is  a l s o  s t u d i e d .  

Langley Research Cen te r  
N a t i o n a l  Aeronau t i c s  and Space A d m i n i s t r a t i o n  
Hampton, VA 23665 
A p r i l  29,  1977 
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F i g u r e  1 . -  Nose s e c t i o n  geometry w i t h  
l o n g i t u d i n a l l y  v a r y i n g  c r o s s - s e c t i o n  
e c c e n t r i c i t y .  

F i g u r e  2 . -  System of  a x e s .  
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Figure 3.- Cross-flow diagrams f o r  t r i fo rm 
f i n  s e c t i o n  i n d i c a t i n g  symmetry of  
v e r t i c a l  component and asymmetry of  
ho r i zon ta l  component. 
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20 

x -plane 1 

x -plane 2 

x -plane 3 

x -plane 4 

Figure  4.-  Sequence o f  c o n t o u r s  and pa rame te r s  
f o r  mapping miss i le  s i d e  flow i n t o  f low over  
a f l a t  p l a t e .  Numerals deno te  co r re spond ing  
p o i n t s .  

NASA-Langley, 1977 L-1 1425 
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